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A LCAU-~O-~~F METHOD FOR COMPLEX INORGANIC ~~L~~UL~S 

AND THE ROLE OF TWG-CAPER COULGM~ I~EG~ 

0. CRJLLO, C. UPLAND AND A. SG~LLO~~ 

In the present status, the LCA~M~-~~F theories for complex ~~~~~~c 

~~1~~~ try to overtake the rough models arising more or less from the first 
~pp~oacb of Wolfs~rg and He1 ol~‘-~, The relatively good results obtund 
have repressed for several years any desire for ionovation; now it has 
tied that these good results were rather the ~~s~ue~~ of rnu~a~ 
of di~ereot errors. It has been shown that small changes in some details of the 
calculation may lead to worse res~lts’~*. 

Wence more ~~0~0~ a~proach~ to molecuIar orbital problems in inorganic 
che~st~g-12 are attempted, and also in this new direction it seems desirable to 
retain relative simp~city, avoiding too cumbersome caklations. For this reason, 

a general method, whit31 we report here, where we avoid the 
f four- and thre~eater ~~te~aIs and emp~i~a~iy evaluate the 

one-center parts of the matrix elements; ia this way, the most di~cul~ ~~c~ati~~ 
left is that of fomenter Coulomb inte~aIs~ since exchange ~te~a~ may be ap- 
p~o~ate~y expr~sed by means of such inte s and ernpi~~~ quantities. 

fn the LCAQ approximation, we have to consider molecular orbitals 9, as 
linear combinations of real atomic orbitals +S, i.e. 

Referring to molecular orbitals, we use the indices k, I for the totally occupied 
orbitals, m,n for the partly occupied orbitals, and i, j for orbitals of either set, I3y 

e indices p, q we indicate atomic orbit& belonging to the molecular orbit&s 
gk, rp,, by t, U those beIon ng to v~, 4pn’~ and by a, b, c, d the general ‘atomic 
orbitals. 

For all molecular orbit& we define a fractional occupation number3 equal 
to half the number of electrons in the orbital cpia Of coursefk,fi are all equal to 1, 

It is usefid to define: 

k 
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and the operators Ji, K,, jab, kab by means of: 

If G is a general operator, we indicate by GIJ the integral (cp, 1 C J 9;11>, by 
6&b the iate~~ <&? 1 G 1 #tb>t and by S,, the atomic overlap integral <I,&~ I J/t, >. 

In the following treatment, we often apply the Mulliken type approximation 
to a charge distribution &,&,: 
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Considering the discussion given by Ruedenberg” for the case of @a and 
&, different only in the reference center, such an approximation can be regarded 
as having the same nature and limitations as appro~ma~o~ (1); the formal analogy 
between (2) and (3) will be extremely useful to get very simple formulae. 

The self-consistent operator for a closed shell is: 

where H is the kinetic plus core field energy operator, i.e.: 

with 2, ual to the elective charge of the core of the atom L and rL to the 
distance of the electron from it. 

Expanding the molecular orbitals as a function of atomic orbit&, we have: 

c d 

For $, f $d, we apply approxhna~io~s (2) and (3), and defining: 
p C’ C6 = &cc + c &dcscd 

d+c 

we obtain: 

F = W + c F,,“‘@--~ kc’) 
c 

Now we write F in such a way as to distinguish the contributions arising from 
different atoms L: 

where by c + L we mean that the index c runs over all orbitals tk, belonging to 
the atom L. 

Let us consider now the diagonal matrix element F,,, with II/, belonging e.g. 
to the atom 1: 



Since for Jr, = J/,, jacc = k,,““, we can write: 

The one-center Part x* can easiIy evaluated if the single empirical one- 
centre integrals as function of the charge confi tion are known, otherwise it 

rded as the ionization ener n in #m for an atomic valence 
state which has (1 +P,,c/2) electrons in & and P,, =’ electrons in its other orbitals 

J/ c; and therefore it can be ernp~~~lly evaluated as such ionization energy from 
atomic energy levels 14. Unfortunately, it is very difhcult, on the grounds of the 
sp~troscop~c data alone, to account quantitatively for the loss of degeneracy of 
the atomic orbitals taking place on passing from the atomic to the malecular state; 
it is however Likely that the error due to the equal dist~bution of electrons among 
a set. of atomic (nl) orbitals, which are no longer degenerate in the molecuiar state 
is not very large: this was proved by explicit calculations carried out using em- 
pirical values for the single one-center inte als. Therefore we evaluate xB as the 
io~tion energy for a vaIence state with degenerate (ni) orbitals~ 5. 

Let us consider now the off-diagonal element Fgb, with e.g. &, belonging to 
the atom 1 and I,&~ to the atom 2. ~efe~jng the edger-function fLb to an atomic 
vafence state with PbbC” electrons in the co~espondi~g orbital and PfcO in all 
other orbitals $,, we separate Y2 into two parts: 

with 

P-2’ zz 

hence : 

F ab=<~afT~~"t~b>~~~a 

Co~idering in e~ge~state the energy x’~ of an eleetroa in Jib in an atomic valence 
* 

state with Pbb =’ ekctrms in &, and P,, e’ electrons in al1 other orbitals zfc,, we can 
write (T+ ~*‘)~b then appro~atious (I) and (3) to the remain- 
ing terms, we have: 

F ab = ~~b~*~~~s~~ 
(d_?g) 

_~alogously to (4% we have: 
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Since F is a hermitian operator, then Fab := F,,,, and the best expression of the 
off-diagonal element will be given by the average of (4’) and (4”): 

Far, = Ft,= = %bti’,+db) + 

+*s,, [(l - F) kbb+jbbbbj + (1 - y) kF+jbb”)] + (4) 

+&b(%’ + rbbl + F/.a2 + Vbb2)+&s,b L ,c 2 (v,,L+ vbbL) 
, 

In this expression, x’. and X’b are one-center terms which can be empiricatiy 
evaluated, as already discussed; j,,- and jr,,“” are integrals which can be empiric- 
ally determined as (&--Ad and (I,,-&)“; jbboa or jaabb is a two-center Coulomb 
integral; v,,” (Lf 1) and vbb” (L # 2) are multi-center terms we have already 
evaluated for the respective diagonal element. Finally V,,l and &,’ may be easily 
evaluated semi-empirically by subtracting the corresponding kinetic energy inte- 
grals from the quantities &, and Xb already evaluated: 

G’ = x,-G,, 
v 2=Xb-Tbb bb 

Moreover it should be pointed out that the evaluation of such symmetric kinetic 
integrals is very simple. 

Another possible approximation for the off-diagonal element could be the 
following: let us write the operator F as T+ V, then: 

Fob = qb+ v,b 

Applying approximations (1) and (3) to V&, we have: 

Fab = Kt,+%#k+ vbb) 

Since F,,, = T,+ V,, and Simi!atly for Fbb, we have: 

VI = Far,- T,, 

v,b = Fbb- Tbb 

then : 

F ab = T,,--3s,b(T,,+ Tbb)+%%b(Faa +Fbb) (5) 

AS it can be seen from (5), if a formally analogous approximation to (2) 
could be applied to the term Tab as well, this kind of approximation would also 
apply to the whole element F,‘,,. The Grst two terms on the right-hand side of (5) 
take into account this impossibility. The difference between (4) and (5) consists in 
the extension of the approximations (1) and (3) to the whole terms V’,’ and V,,‘. 
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For this reason we believe that formula (4) is better; furthermore in formula (5) 
there is the additional analytical task of the evaluation of &,. 

Open shell 

Let us now consider those open-shell cases with only one open shell outside 
the closed shell. These can be treated as pseudo-eigenvalue problems by means of 
the Roothaan operator17: 

F = H+WT-KT -2aJ”+BKo+2aLT-j?MT 

l-u 
with E = - 

1 -fm 
and /3 = e 

-m 

where a and b are characteristic constants for the specific case and f, is the frac- 
tional occupation number equal for all orbit& pm belonging to the only open shell 
present; i.e. f, is equal here to the number of electrons in the open shell divided 
by the number of the available open-shell spin-orbit&. Let us consider the dia- 
gonal element F,,, with \La belonging e.g. to the atom 1: 

F,, = H,+2J,,T-KK,T-2aJ_0+/3K,,,o+2aL,T -j?M,,f 

For convenience, we consider separately three contributions to this expression. 
The first part: 

F’,, = H,, -I- 2JsaT - KaaT 

is formally analogous to the diagonal element of the closed shell, with the only 
difference that the sum is to be extended over the open shell orbitals as well; then: 

with: 

PccT = PccT i- c P,,Ts,, 
dfc 

The second part is: 

F”,, = -~LYJ~,*+/?K,* 

Expanding the molecular orbit& as function of atomic orbitals, we obtain: 
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Two-center Coulomb integrals a. . 

The use of the master formulae resulting from the general treatment devel- 
oped in the previous sections implies indeed as its essential requirement, the 

knowledge of two-center Coulomb integrals. 
;_:_, -..i . :._ ; 

Exact calculation of such Coulomb integrals is actually feasible, although 
usually at the cost of a very large calculation effort, which increases rapidly with 
increasing principal quantum numbers of the involved Ao’s. On the other hand, 
LCAO-MO-SCF methods for complex inorganic molecules almost necessarily 
imply some other approximations (e.g. also the uncertainties inberect to the popu- 
lation analysis), which lower the accuracy of the final results, so that extreme 
accuracy in the calculation of the two-center Coulomb integrals becomes super- 
fluous. We therefore worked out a method for the simplified evaluation of two- 

‘center Coulomb integrals for any principal quantum number, a method which 
probably does not lower the overall accuracy, and requires no more calculating 
effort than is needed for nuclear attraction integrals. This method is based upon 
replacement of one of two interacting charge distributions through an appropriate 
distribution of point charges; referring for instance to orbitals with nodeless 
radial parts, we adopt the following charge systems for the different types of charge 
distribution: 
s : fourteen charges - & e on the vertices of a tetrakishexahedron. 
p: two charges -3 e along the axis of the orbital. 
d (except d&: four charges - i e on the two appropriate axes at right angles. 
d,’ : two charges - 0.30755 e on the z axis plus four charges - 0.09623 e on the x 
and y axes. 

All these fractional charges are supposed to lie at the same appropriate 
distance from the nucleus. This distance is a critical parameter of the problem: 
the mean orbital radius or the radius of maximum density can be a physically 
plausible choice for it. 

This point-charge approximation will be better the narrower is the “bell” 

in the radial distribution curve, i.e. the less expanded is the orbital charge distribu- 
tion; then, between the two interacting charge distributions, it will be more con- 
venient to replace the less expanded one through point charges. This rule may 
have exceptions only when the distribution with the more expanded “bell” is of 
s-type, since we can make use of a better point-charge model for this charge 
distribution, becanseof the finer fractionation of the overall charge of the electron. 

When dealing with orbitals with radial nodes, we will adopt as many sets of 
point charges of the above described symmetry as are the “bells” in the radial 
distribution curve, taking care that each set comprises the fraction of the electronic 
charge lying under the corresponding “bell”. In this case, the point-charge ap- 
proximation will be particularly good, because the single l%zd.ls” are narrower 
and the replacement of the point charges at the points of maximum density is safer. 
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compounds, all matrix elements turn to be unduly high and some even positive. 
Such instability is however fictitious; indeed the complete tizatment will necessarily 
require explicit consideration of the electrostatic field arising from solvent molec- 
ules placed in the second coordination sphere, in order to bring the matrix elements 
to physiealiy more acckptable values. Stabilization by soivation effects is very im- 
portant and cannot ‘be disregarded. Insertion of solvation ef&cts into the treat- 
ment presented in the preceding sections wilI offer..no new computational difEculty. 

Cakulat3ns on some inorganic complex molecuks, using the genera1 criteria 
outlined in this paper, are now in progress in our laboratory. 
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